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A B S T R A C T

Real-world processes often exhibit temporal separation between actions and reactions - a characteristic
frequently ignored in many modelling frameworks. Adding temporal aspects, like time delays, introduces
a higher complexity of problems and leads to models that are challenging to analyse and computationally
expensive to solve. In this work, we propose an intermediate solution to resolve the issue in the framework
of evolutionary game theory. Our compartment-based model includes time delays while remaining relatively
simple and straightforward to analyse. We show that this model yields qualitatively comparable results with
models incorporating explicit delays. Particularly, we focus on the case of delays between parents’ interaction
and an offspring joining the population, with the magnitude of the delay depending on the parents’ strategy.
We analyse Stag-Hunt, Snowdrift, and the Prisoner’s Dilemma game and show that strategy-dependent delays
are detrimental to affected strategies. Additionally, we present how including delays may change the effective
games played in the population, subsequently emphasising the importance of considering the studied systems’
temporal aspects to model them accurately.
1. Introduction

Evolutionary game theory provides a robust framework for mod-
elling many biological and social interactions (Maynard Smith and
Price, 1973). Traditional models largely exclude time delays, instead
assuming that the actions of an individual are instantaneous and their
impacts on fitness are immediate. However, real-world processes fre-
quently exhibit temporal separation between actions and their effects
across scales of biological organisation. Sporulation, the response to
nutrient deprivation observed in bacteria like Bacillus subtilis, takes
about 8 to 10 h to be completed after being triggered (Serra et al.,
2014). A seed bank in weeds leads to the sprouting of plants even years
after the seed has been produced (Lauenroth and Gokhale, 2023). In the
animal kingdom, the delays are also abundant. In the case of marine
midges Clunio marinus, the time between reproduction and emergence
is correlated with the lunar cycle. It takes from about 15 or 30 days,
as compared to their relatively short adult lives of 2 h (Kaiser et al.,
2021). Similarly, pregnancy and nurturing are temporally disconnected
actions that culminate in adding a new, mature individual to the
population (Bateson, 1994). Social systems, too, display such delays,
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evident in long-term financial investments or latency in information
transmission and processing (Binswanger and Carman, 2012; Bourne,
1957). Thus, incorporating temporal factors could refine evolutionary
game theoretical models, capturing realistic dynamics more accurately.

The effects of time delays on replicator dynamics were discussed
in Yi and Zuwang (1997), Alboszta and Miȩkisz (2004), Oaku (2002),
Iijima (2011, 2012), Moreira et al. (2012), Miȩkisz and Wesolowski
(2011), Miȩkisz et al. (2014), Wesson and Rand (2016), Wesson et al.
(2016), Ben-Khalifa et al. (2018), Khalifa et al. (2016), Bodnar et al.
(2020), Miȩkisz and Bodnar (2021) and Wettergren (2023). In Yi and
Zuwang (1997), the authors introduced a social-type model in which
individuals at time 𝑡 imitate a strategy with a higher average payoff
at time 𝑡 − 𝜏 for some time delay 𝜏. They showed that the interior
stationary state of the resulting time-delayed differential equation is
locally asymptotically stable for small time delays. In contrast, it be-
comes unstable for big ones, and oscillations appear. In Alboszta and
Miȩkisz (2004), a biological type model was constructed in which
individuals are born 𝜏 units of time after their parents played. This
delay type leads to a system of equations of strategy’s frequency and
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population size. The authors showed the absence of oscillations —
he original stationary point is globally asymptotically stable for any
ime delay. Recently, models with strategy-dependent time delays were
ntroduced (Moreira et al., 2012; Wesson and Rand, 2016; Khalifa et al.,

2016; Bodnar et al., 2020; Miȩkisz and Bodnar, 2021).
In Bodnar et al. (2020) and Miȩkisz and Bodnar (2021), the au-

thors discussed the biological-type model of Yi and Zuwang (1997)
ith strategy-dependent time delays. They reported a novel behaviour,

howing that stationary states depend continuously on time delays.
oreover, at specific time delays, an interior stationary state may

isappear, or another interior stationary state may appear. The equa-
ion for the stationary state of frequencies of strategies was derived
nd solved numerically in Miȩkisz and Bodnar (2021) for Stag–Hunt,
nowdrift, and Prisoner’s Dilemma games. In Miȩkisz et al. (2023), a
mall-time delay approximation was proposed. The authors derived an
xplicit formula for the stationary state, which approximates well the

exact results of Miȩkisz and Bodnar (2021).
Here, we introduce a model that shares the analytical tractability

of Miȩkisz et al. (2023) without assuming small delays. We extend the
approach of Miȩkisz and Bodnar (2021) and derive a system of ordinary
ifferential equations that is easier to analyse through either closed-
orm solutions of stationary states or existing bifurcation software. In
he model, time delays are represented by rates at which an offspring
rows and can participate in games. More precisely, in our Kindergarten
odel, a newly born offspring is located in an inactive compartment.
hen, with some strategy-dependent rate, juveniles become players
nd move to an active compartment (this is reminiscent of models
f delayed protein degradation in gene expression present in Miȩkisz

et al., 2011). This approach allows us to derive explicit analytical
ormulas for stationary states of the strategies. In Section 2, we recall

the model of Miȩkisz and Bodnar (2021) and present our approach to
odel time delays. Results are described in Section 3, and Conclusions

follow in Section 4. Notably, our model can be extended to multi-player
and multi-strategy games.

2. Materials and methods

2.1. Model with explicit time delays

We begin by reintroducing the delay model constructed by Miȩkisz
and Bodnar (2021). We will consider two-player symmetric games with
wo strategies: cooperation (C) and defection (D) given by the following
ayoff matrix:

𝐶
𝐷

𝐶 𝐷
(

𝑅 𝑆
𝑇 𝑃

)

,
(1)

where the i j entry is the payoff of the first (row) player when it plays
he strategy i and the second (column) player plays the strategy j, with
, 𝑗 ∈ {𝐶 , 𝐷}. We assume that both players are the same, and hence,
ayoffs of the column player are given by the matrix transposed to (1);

such games are called symmetric.
Herein, we follow (Miȩkisz and Bodnar, 2021) closely. Let us assume

that during a time interval of length 𝜖, only an 𝜖-fraction of the
population takes part in pairwise competitions, that is, plays games.
Let 𝑝𝑖(𝑡) with 𝑖 ∈ {𝐶 , 𝐷}, be the number of individuals playing at time 𝑡
the strategy 𝐶 and 𝐷, respectively. Then 𝑝(𝑡) = 𝑝𝐶 (𝑡) + 𝑝𝐷(𝑡) is the total
number of players and 𝑥(𝑡) = 𝑝𝐶 (𝑡)

𝑝(𝑡) is the fraction of the population
playing 𝐶. The expected payoffs of an individual is given by,

𝑈𝐶 (𝑡) = 𝑅𝑥(𝑡) + 𝑆 (1 − 𝑥(𝑡)) , (2)

and

𝑈𝐷(𝑡) = 𝑇 𝑥(𝑡) + 𝑃 (1 − 𝑥(𝑡)) , (3)

for cooperators and defectors, respectively.
2 
We consider that individuals are born sometime after their parents
nteract. Further, we assume that time delays depend on strategies
nd are equal to 𝜏𝐶 and 𝜏𝐷 respectively. Miȩkisz and Bodnar (2021)

proposed that the growth of the population playing a particular strategy
is given as

𝑝𝑖(𝑡 + 𝜖) = (1 − 𝜖)𝑝𝑖(𝑡) + 𝜖 𝑝𝑖(𝑡 − 𝜏𝑖)𝑈𝑖(𝑡 − 𝜏𝑖); 𝑖 = 𝐶 , 𝐷 . (4)

and derive a system of coupled delayed differential equations for the
fraction using the first strategy 𝑥(𝑡) and the population size 𝑝(𝑡),
𝑑 𝑥(𝑡)
𝑑 𝑡 =

𝑥(𝑡 − 𝜏𝐶 )𝑝(𝑡 − 𝜏𝐶 )𝑈𝐶 (𝑡 − 𝜏𝐶 ) (1 − 𝑥(𝑡))
𝑝(𝑡)

−

(

1 − 𝑥(𝑡 − 𝜏𝐷)
)

𝑝(𝑡 − 𝜏𝐷)𝑈𝐷(𝑡 − 𝜏𝐷)𝑥(𝑡)
𝑝(𝑡)

, (5)

𝑑 𝑝(𝑡)
𝑑 𝑡 = −𝑝(𝑡) + 𝑝𝐶 (𝑡 − 𝜏𝐶 )𝑈𝐶 (𝑡 − 𝜏𝐶 ) + 𝑝𝐷(𝑡 − 𝜏𝐷)𝑈𝐷(𝑡 − 𝜏𝐷). (6)

Then, the authors provided an equation for the stationary state of 𝑥 and
solved it numerically for various games.

Here, we propose another type of model to deal with time delays.
We do not have to track the population size, and we can derive
analytical formulas for the frequency of strategies in stationary states.
This provides more insight into the dynamics of more complex games
and can easily be expanded to multi-player and multi-strategy games.

2.2. Kindergarten compartment model

In the Kindergarten model, a large but finite population is consid-
ered. Individuals in the population take part in pairwise interactions,
lay games, and obtain payoff. The payoff is, in turn, translated into
everal identical offspring created. The newly created offspring are
laced in an inactive compartments (kindergartens) and rejoin the ac-
ive compartment (adult population) upon maturation, with per capita
ate 1∕𝜏𝑖 for 𝑖 ∈ {𝐶 , 𝐷}, as shown in Fig. 1. Importantly, the adult
opulation is well-mixed so that cooperators and defectors can interact

with one another.
Let us denote by 𝑘𝑖 sizes of kindergartens for offspring which

nherited the 𝑖th strategy with 𝑖 ∈ {𝐶 , 𝐷}. Then, let 𝑦𝑖 = 𝑘𝑖∕𝑝 for
𝑖 ∈ {𝐶 , 𝐷} denote kindergartens’ sizes relative to the adult population.

otably, the sum of 𝑦𝑖(𝑡) for all 𝑖 does not have to be equal to 1, since
he variables are not fractions of the population. The list of variables

used in the model and corresponding units are presented in Table 1.
We assume that in a small time interval 𝜖 only a fraction 𝛿𝐾 (𝜖) of

juveniles in the kindergarten can mature, with 𝛿𝐾 being a function
such that 𝑑 𝛿𝐾 (𝜖)

𝑑 𝜖 ≥ 0, 𝛿𝐾 (0) = 0, 𝑑 𝛿𝐾 (0)
𝑑 𝜖 = 𝑐 𝑜𝑛𝑠𝑡. That is, in a given

time interval, at least as many individuals have to mature as in the
shorter interval; no juveniles can mature instantly. Similarly, in a time
interval 𝜖 only a 𝛿𝑃 (𝜖) fraction of the adult population takes part in
the game with 𝛿𝑃 being a function such that 𝑑 𝛿𝑃 (𝜖)

𝑑 𝜖 ≥ 0, 𝛿𝑃 (0) = 0
and 𝑑 𝛿𝐾 (0)

𝑑 𝜖 = 𝑐 𝑜𝑛𝑠𝑡. That is, any interactions that have taken place in
a shorter time interval have also occurred in a longer time, and there
are no instantaneous interactions. Hence, in the Kindergarten model,

e relax the assumption made by Miȩkisz and Bodnar (2021) on the
fraction of individuals partaking in the game.

Then, the size of the kindergarten of strategy 𝑖 at time 𝑡+ 𝜖 is equal
to:

𝑘𝑖(𝑡 + 𝜖) =
(

1 − 𝛿𝐾 (𝜖)
𝜏𝑖

)

𝑘𝑖(𝑡) + 𝛿𝑃 (𝜖)𝑝𝑖(𝑡)𝑈𝑖(𝑡). (7)

Similarly, the change in the size of the adult population using strategy
𝑖 can be calculated as:

𝑝𝑖(𝑡 + 𝜖) = (1 − 𝛿𝑃 (𝜖))𝑝𝑖(𝑡) +
𝛿𝐾 (𝜖)
𝜏𝑖

𝑘𝑖(𝑡). (8)

The size of the whole adult population follows:

𝑝(𝑡 + 𝜖) = (1 − 𝛿𝑃 (𝜖))𝑝(𝑡) +
𝛿𝐾 (𝜖)
𝜏𝐶

𝑘𝐶 (𝑡) +
𝛿𝐾 (𝜖)
𝜏𝐷

𝑘𝐷(𝑡). (9)
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Fig. 1. (a) Individuals in the adult population interact with one another and receive payoff (offspring) based on those interactions. Offspring created at time 𝑡 join the strategy-specific
compartment called a kindergarten. After an offspring matures, it joins the adult population and can reproduce. The average maturation time is denoted by 𝜏𝑖 for 𝑖 ∈ {𝐶 , 𝐷}
b) The payoff matrix indicates the expected number of offspring created in each interaction. (c) Maturation rate depends on the parent’s strategy and equals 1∕𝜏𝐶 and 1∕𝜏𝐷 for
ooperators and defectors, respectively.
p

a

c
w

Now we can derive equation for change in 𝑥(𝑡), 𝑦𝐶 (𝑡) and 𝑦𝐷(𝑡).

𝑥(𝑡 + 𝜖) − 𝑥(𝑡) =
(1 − 𝛿𝑃 (𝜖))𝑝𝐶 (𝑡) + 𝛿𝐾 (𝜖)

𝜏𝐶
𝑘𝐶 (𝑡)

(1 − 𝛿𝑃 (𝜖))𝑝(𝑡) + 𝛿𝐾 (𝜖)
𝜏𝐶

𝑘𝐶 (𝑡) + 𝛿𝐾 (𝜖)
𝜏𝐷

𝑘𝐷(𝑡)
−

𝑝𝐶 (𝑡)
𝑝(𝑡)

(10)

𝑖(𝑡 + 𝜖) − 𝑦𝑖(𝑡) =
(1 − 𝛿𝐾 (𝜖)

𝜏𝑖
)𝑘𝑖(𝑡) + 𝛿𝑃 (𝜖)𝑝𝑖(𝑡)𝑈𝑖(𝑡)

(1 − 𝛿𝑃 (𝜖))𝑝(𝑡) + 𝛿𝐾 (𝜖)
𝜏𝐶

𝑘𝐶 (𝑡) + 𝛿𝐾 (𝜖)
𝜏𝐷

𝑘𝐷(𝑡)
−

𝑘𝑖(𝑡)
𝑝(𝑡)

(11)

After some rearrangements, we divide both sides of the equations
y 𝜖 and take the limit of 𝜖 → 0 and obtain the following differential
quations:

𝑑 𝑥(𝑡)
𝑑𝑡

=
𝑑 𝛿𝐾 (0)
𝑑 𝜖

1
𝜏𝐶

𝑘𝐶 (𝑡)(𝑝(𝑡) − 𝑝𝐶 (𝑡)) − 𝑝𝐶 (𝑡)
1
𝜏𝐷

𝑘𝐷(𝑡)

𝑝2(𝑡)
(12)

𝑑 𝑦𝑖(𝑡)
𝑑𝑡

=
𝑑 𝛿𝑃 (0)
𝑑 𝜖

𝑝(𝑡)(𝑘𝑖(𝑡) + 𝑝𝑖(𝑡)𝑈𝑖(𝑡))
𝑝2(𝑡)

(13)

−
𝑑 𝛿𝐾 (0)
𝑑 𝜖

𝑘𝑖(𝑡)(
𝑝(𝑡)
𝜏𝑖

+ 𝑘𝐶 (𝑡)
𝜏𝐶

+ 𝑘𝐷(𝑡)
𝜏𝐷

)

𝑝2(𝑡)

Now we denote 𝑑 𝛿𝑃 (0)
𝑑 𝜖 = 𝑄 and 𝑑 𝛿𝐾 (0)

𝑑 𝜖 = 𝐾 and recall that 𝑄 ≥ 0 and
𝐾 ≥ 0. Then, after rearrangements, we get
𝑑 𝑥(𝑡)
𝑑𝑡

= 𝐾
(

𝑦𝐶 (𝑡)(1 − 𝑥(𝑡))
𝜏𝐶

−
𝑥(𝑡)𝑦𝐷(𝑡)

𝜏𝐷

)

𝑑 𝑦𝐶 (𝑡)
𝑑𝑡

= 𝑄
(

𝑦𝐶 (𝑡) + 𝑥(𝑡)𝑈𝐶 (𝑡)
)

− 𝐾 𝑦𝐶 (𝑡)
(

1
𝜏𝐶

+
𝑦𝐶 (𝑡)
𝜏𝐶

+
𝑦𝐷(𝑡)
𝜏𝐷

)

(14)

𝑑 𝑦𝐷(𝑡)
𝑑𝑡

= 𝑄
(

𝑦𝐷(𝑡) + (1 − 𝑥(𝑡))𝑈𝐷(𝑡)
)

− 𝐾 𝑦𝐷(𝑡)
(

1
𝜏𝐷

+
𝑦𝐶 (𝑡)
𝜏𝐶

+
𝑦𝐷(𝑡)
𝜏𝐷

)

For simplicity, in this work, we assume that 𝑄 = 𝐾.
Next, we rescale time by introducing

𝑡 = 𝑎𝑡,→ 𝑡 = 𝑡
𝑎
.

By the chain rule, we have
𝑑 𝑥
𝑑 𝑡 = 𝑑 𝑥

𝑑𝑡
𝑑𝑡
𝑑 𝑡 =

1
𝑎
𝑑 𝑥
𝑑𝑡

,

𝑑 𝑦𝑖 =
𝑑 𝑦𝑖 𝑑𝑡 = 1 𝑑 𝑦𝑖 .
𝑑 𝑡 𝑑𝑡 𝑑 𝑡 𝑎 𝑑𝑡

3 
Setting 𝑎 = 𝑄, we obtain our final Kindergarten model:
𝑑 𝑥(𝑡)
𝑑 𝑡 =

𝑦𝐶 (𝑡) (1 − 𝑥(𝑡))
𝜏𝐶

−
𝑦𝐷(𝑡)𝑥(𝑡)

𝜏𝐷
,

𝑑 𝑦𝐶 (𝑡)
𝑑 𝑡 = 𝑦𝐶 (𝑡)

(

𝜏𝐶 − 1
𝜏𝐶

−
𝑦𝐶 (𝑡)
𝜏𝐶

−
𝑦𝐷(𝑡)
𝜏𝐷

)

+ 𝑥(𝑡)𝑈𝐶 (𝑡), (15)

𝑑 𝑦𝐷(𝑡)
𝑑 𝑡 = 𝑦𝐷(𝑡)

(

𝜏𝐷 − 1
𝜏𝐷

−
𝑦𝐶 (𝑡)
𝜏𝐶

−
𝑦𝐷(𝑡)
𝜏𝐷

)

+ (1 − 𝑥(𝑡))𝑈𝐷(𝑡).

Similarly, we can obtain the differential equation for the change in
population size, given by:
𝑑 𝑝(𝑡)
𝑑 𝑡 = 𝑝(𝑡)

(

𝑦𝐶 (𝑡)
𝜏𝐶

+
𝑦𝐷(𝑡)
𝜏𝐷

− 1
)

. (16)

Hence, the size of the population in a stationary state of frequencies
𝑥∗, 𝑦∗𝐶 , 𝑦∗𝐷, 𝑝(𝑡) = 𝑝(0)𝑒(𝑦

∗
𝐶∕𝜏𝐶+𝑦

∗
𝐷∕𝜏𝐷−1)𝑡 grows exponentially if

𝑦∗𝐶 (𝑡)
𝜏𝐶

+
𝑦∗𝐷(𝑡)
𝜏𝐷

> 1, (17)

or goes extinct otherwise. Hence, condition (17) has to be met for the
opulation not to go extinct.

We should take care of cases where one delay equals zero. For
𝜏𝐶 = 0 there is no cooperator kindergarten (𝑦𝐶 = 0) and the system (15)
becomes:
𝑑 𝑥(𝑡)
𝑑 𝑡 = 𝑥(𝑡)

(

𝑈𝐶 (𝑡)(1 − 𝑥(𝑡)) − 𝑦𝐷(𝑡)
𝜏𝐷

)

,

𝑑 𝑦𝐶 (𝑡)
𝑑 𝑡 = 0, (18)

𝑑 𝑦𝐷(𝑡)
𝑑 𝑡 = 𝑦𝐷(𝑡)

(

𝜏𝐷 − 1
𝜏𝐷

− 𝑥(𝑡)𝑈𝐶 (𝑡) −
𝑦𝐷(𝑡)
𝜏𝐷

)

+ (1 − 𝑥(𝑡))𝑈𝐷(𝑡).

Analogously, for 𝜏𝐷 = 0 the defector kindergarten is empty (𝑦𝐷 = 0)
nd the system (15) becomes:
𝑑 𝑥(𝑡)
𝑑 𝑡 =

𝑦𝐶 (𝑡)
𝜏𝐶

− 𝑥(𝑡)
(

(1 − 𝑥(𝑡))𝑈𝐷(𝑡) +
𝑦𝐶 (𝑡)
𝜏𝐶

)

,

𝑑 𝑦𝐶 (𝑡)
𝑑 𝑡 = 𝑦𝐶 (𝑡)

(

𝜏𝐶 − 1
𝜏𝐶

− (1 − 𝑥(𝑡))𝑈𝐷(𝑡) −
𝑦𝐶 (𝑡)
𝜏𝐶

)

+ 𝑥(𝑡)𝑈𝐶 (𝑡), (19)

𝑑 𝑦𝐷(𝑡)
𝑑 𝑡 = 0.

The system of Eqs. (15) has two trivial stationary states, 𝑥 = 1, 0, of full
ooperation and defection, and two possible internal stationary states
hose existence depends on the game parameters and delays.

For strategy-independent delays, i.e. 𝜏𝐶 = 𝜏𝐷, our equations sim-
plify greatly, and the system has only one possible internal stationary
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Table 1
Variables used in the Kindergarten model and corresponding units.

Variable Unit Description

𝑝𝑖 player Number of players playing strategy 𝑖 for 𝑖 ∈ {𝐶 , 𝐷}
𝑥 dim less Ratio of players playing cooperate in 𝑝

𝑘𝑖 player Number of players in the kindergarten of strategy 𝑖 for 𝑖 ∈ {𝐶 , 𝐷}
𝑦𝑖 dim less Relative size of the kindergarten 𝑘𝑖 with respect to the total population 𝑝 for 𝑖 ∈ {𝐶 , 𝐷}

1∕𝜏𝑖 dim less Maturation rate of individuals playing strategy 𝑖 for 𝑖 ∈ {𝐶 , 𝐷}
𝜏𝑖 time Average maturation time of individuals playing strategy 𝑖 for 𝑖 ∈ {𝐶 , 𝐷}
𝜖 time Small time interval
𝛿𝑃 dim less Proportion of the adult population participating in the game in the given time interval
𝛿𝐾 dim less Fraction of kindergarten maturing in the given time interval
𝑄 1/time 𝑑 𝛿𝑃 (0)

𝑑 𝑡
𝐾 1/time 𝑑 𝛿𝐾 (0)

𝑑 𝑡
𝑈𝑖 dim less Expected payoff of an individual playing strategy 𝑖 for 𝑖 ∈ {𝐶 , 𝐷}
𝑅, 𝑆, 𝑇 , 𝑃 dim less Payoffs defined by the payoff matrix (1)
s

𝑦

b
a

a
i
f

state: 𝑥∗ = (𝑃 − 𝑆) ∕ (𝑅 − 𝑇 + 𝑃 − 𝑆) equal to the one for replicator
ynamics without time delays. Hence, in this work, we only focus on
trategy-dependent delays, i.e. 𝜏𝐶 ≠ 𝜏𝐷.

In the following, we study Eqs. (15) through the lenses of dynamical
ystems and bifurcation theory. That is, we investigate stationary states

of Eqs. (15) and perform a linear stability analysis of their stabil-
ity (Glendinning, 1994). They might be given in a closed form for
pecial payoff matrices, allowing us to analyse the dependence of the
tationary states on delays and payoff matrix entries. In the case of
 general payoff matrix, stationary states are calculated numerically
Julia package BifurcationKit Veltz, 2020). In particular, we consider
hree specific games, Stag–Hunt, Snowdrift, and the Prisoner’s Dilemma
ne.

3. Results

3.1. Stag–Hunt game

In the Stag–Hunt game, two individuals decide between cooperating
nd hunting a stag together (C) or pursuing a hare independently (D).
unting a hare does not require help from the other individual and

esults in a specific payoff 𝑏; however, a stag provides a higher payoff
alue 𝑎 (Skyrms, 2004). The following payoff matrix characterises the

Stag–Hunt game:

𝐶
𝐷

𝐶 𝐷
(

𝑅 = 𝑎 𝑆 = 0
𝑇 = 𝑏 𝑃 = 𝑏

)

(20)

where 𝑎 > 𝑏 > 0. In the case of no delays, i.e. 𝜏𝐷 = 𝜏𝐶 = 0, Eq. (15)
ollapses to a well-studied replicator dynamics with two asymptotically
table stationary states, 𝑥0 = 0 and 𝑥1 = 1, and an unstable one, 𝑥2 =
𝑏∕𝑎. For the Stag–Hunt game with delays, the system (15) becomes:
𝑑 𝑥(𝑡)
𝑑 𝑡 =

𝑦𝐶 (𝑡)(1 − 𝑥(𝑡))
𝜏𝐶

−
𝑦𝐷(𝑡)𝑥(𝑡)

𝜏𝐷
,

𝑑 𝑦𝐶 (𝑡)
𝑑 𝑡 = 𝑦𝐶

(

𝜏𝐶 − 1
𝜏𝐶

−
𝑦𝐶 (𝑡)
𝜏𝐶

−
𝑦𝐷(𝑡)
𝜏𝐷

)

+ 𝑎𝑥2(𝑡), (21)

𝑑 𝑦𝐷(𝑡)
𝑑 𝑡 = 𝑦𝐷

(

𝜏𝐷 − 1
𝜏𝐷

−
𝑦𝐶 (𝑡)
𝜏𝐶

−
𝑦𝐷(𝑡)
𝜏𝐷

)

+ 𝑏(1 − 𝑥(𝑡)).

The system (21) may have three stationary states in [0, 1]3. The full
efection stationary state 𝑥0 = 0 becomes

𝑒0 =
(

0, 0, 1
2

(

𝜏𝐷 − 1 +
√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
))

. (22)

For the condition (17) to be met and the population in this stationary
state to grow exponentially, the following needs to be true:
1

2𝜏𝐷

(

𝜏𝐷 − 1 +
√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
)

> 1. (23)
4 
Thus, an additional condition needs to hold: 𝑏 ≥ 1. The full cooperation
tationary state 𝑥1 becomes

𝑒1 =
(

1, 1
2

(

+𝜏𝐶 − 1 +
√

4𝑎𝜏𝐶 + 𝜏2𝐶 − 2𝜏𝐶 + 1
)

, 0
)

. (24)

Again, we check the condition (17), which in this stationary state
becomes:
1

2𝜏𝐶

(

𝜏𝐶 − 1 +
√

4𝑎𝜏𝐶 + 𝜏2𝐶 − 2𝜏𝐶 + 1
)

> 1. (25)

For the condition to held, we need an additional constraint: 𝑎 ≥ 1.
Lastly, the internal stationary state 𝑥2 takes the following form:

𝑒2 =

(

𝑥∗2 ,
𝜏𝐶𝑥∗2𝑦

∗
𝐷

𝜏𝐷(1 − 𝑥∗2)
, 𝑦∗𝐷

)

(26)

where

𝑥∗2 =
𝜏𝐶 + (𝜏𝐷 − 𝜏𝐶 )

√

(4𝑏 − 2)𝜏𝐷 + 𝜏2𝐷 + 1
2𝑎𝜏2𝐷

+
2𝑏𝜏𝐶 − 𝜏𝐶 + 𝜏𝐷 − 1

2𝑎𝜏𝐷
, (27)

∗
𝐷 =

(1 − 𝑥∗2)𝜏𝐷

(

𝜏𝐶 − 1 +
√

(4𝑎𝑥 − 2)𝜏𝐶 + 𝜏2𝐶 + 1
)

2𝜏𝐶
. (28)

For the condition (17) to be met in 𝑒2, that is for
𝜏𝐶𝑥∗2𝑦

∗
𝐷

𝜏𝐷𝜏𝐶 (1 − 𝑥∗2)
+

𝑦∗𝐷
𝜏𝐷

> 1 (29)

to hold true, we need 𝑥∗2 ≥ 1∕𝑎. For the population to grow exponen-
tially, we have to have 𝑎, 𝑏 > 1 and 𝑥∗2 ≥ 1∕𝑎.

Homogeneous stationary states. We conduct stability analysis of 𝑒0
and show that it is always a stable stationary state. The stationary state
𝑒1 is stable unless the following condition is met: 𝜏𝐶 ≥ 𝑚 where

𝑚 =
(𝑎 − 𝑏)

√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1) + 𝑎(2𝑏 − 1)𝜏𝐷 + 𝑎 − 𝑏
(

𝜏𝐷 + 1)

2(𝑏 − 1)𝑏 . (30)

For a large enough cooperator delay, full cooperation loses its sta-
ility, and the internal stationary states vanish. Details of the analysis
re presented below and in Appendix A.1.

Internal stationary state. If no delays are present, the internal station-
ry point 𝑥∗2 always exists and equals 𝑏∕𝑎. The increase of 𝜏𝐶 leads to an
ncrease in the stationary point value. Then, the stationary state reaches
ull cooperation (𝑥∗2 = 1) and disappears when 𝜏𝐶 = 𝑚. An increase in
𝜏𝐷 always leads to a decrease in 𝑥∗2. In the limiting case of 𝜏𝐷 → ∞
we have 𝑥∗2 → 1∕𝑎. The latter result ensures that condition (17) is met
for the internal stationary state. When the internal stationary state 𝑒2
exists, it is always unstable, as shown in Appendix A.1.

One delay present. We consider the limiting case of each delay to be
equal to 0. We solve the systems (18) for 𝜏 = 0 and (19) for 𝜏 = 0 and
𝐶 𝐷
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Fig. 2. Stability of the stationary states of the Stag–Hunt game represented by matrix (35). On the left, the stationary state values for the specific values of delays are plotted.
The dashed line represents the internal stationary state 𝑥(1)2 as a function of 𝜏, when 𝜏𝐶 = 𝜏, 𝜏𝐷 = 2𝜏. An increase in 𝜏 leads to a decrease in stationary state value. The dotted line
represents internal stationary state 𝑥(2)2 as a function of 𝜏, when 𝜏𝐶 = 𝜏, 𝜏𝐷 = 4. The internal stationary state disappears for big enough 𝜏, and full cooperation loses its stability.
The dot-dashed line represents the internal stationary state 𝑥(3)2 as a function of 𝜏, when 𝜏𝐷 = 𝜏, 𝜏𝐶 = 3𝜏. An increase in 𝜏 leads to an increase in the stationary state value
until its disappearance. On the right, the stability of the system in the parameter space 𝜏𝐶 and 𝜏𝐷 is shown. The solid black line indicates the point of bifurcation. In the ‘‘Full
Defection’’ region, only 𝑒0 is stable. In the ‘‘Bistability’’ region, both 𝑒0 and 𝑒1 are stable, and their basins of attraction are divided by the unstable internal stationary state. The
colour indicates the value of the internal stationary state. The values considered on the left are represented by dashed (𝑥(1)2 ), dotted (𝑥(2)2 ) and dot-dashed (𝑥(3)2 ) lines, respectively.
The effects of only one delay can be observed on the left and bottom edges of the plot.
check the behaviour of 𝑒2 in the corresponding limits. If it exists, the
internal stationary state of the system (18) takes the following form:

𝑒2 =
(

𝑥̃2, 0, 𝑎𝜏𝐷(1 − 𝑥̃2)𝑥̃2
)

(31)

where

𝑥̃2 =
𝜏𝐷 − 1 +

√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
2𝑎𝜏𝐷

. (32)

The solution coincides with the value of 𝑒2 in the limit of 𝜏𝐶 → 0.
Additionally, we can show that: lim𝜏𝐷→0 𝑥̃2 = 𝑏∕𝑎. Hence, in the limiting
case of no delays, we recover the solution of the standard Stag–Hunt
game. Similarly, for 𝜏𝐷 = 0, we solve the system (19). The system has
only one stationary solution in the game-theoretic relevant interval of
𝑥̄ ∈ (0, 1):

𝑒2 = (𝑥̄2, 𝑏𝜏𝐶 𝑥̄2, 0) (33)

where

̄2 =
𝑏(𝑏𝜏𝐶 − 𝜏𝐶 + 1)

𝑎
. (34)

Again, we can show that lim𝜏𝐷→0 𝑥∗2 = 𝑥̄2 and lim𝜏𝐶→0 𝑥̄2 = 𝑏∕𝑎. So,
the internal solution represented by 𝑒2 can be used in the limiting cases
of either or both delays approaching 0.

We show that in the classical Stag–Hunt game, the introduction
of delay is insufficient to destabilise complete defection. However, it
is possible to destabilise full cooperation. Moreover, we prove that
increasing the delay of one of the strategies shrinks the basin of
attraction of the stationary state consisting of individuals following only
that strategy.

Example. Below, we present an analysis of the Stag–Hunt game
characterised by the following payoff matrix:

𝐶
𝐷

𝐶 𝐷
(

𝑅 = 5 𝑆 = 0
𝑇 = 3 𝑃 = 3

)

(35)

In the case of no delay, the game has two stable stationary states
corresponding to the two homogeneous states. The unstable stationary
state, dividing the basins of attraction of the two stationary states, is
𝑥∗ = 0.6.

Fig. 2 explores the change in the stability of the stationary states of
the system (21) in the parameter space of the delays. In most of the
parameter space, we observe full cooperation and defection bistability.
5 
The value of 𝑥∗2 decreases with 𝜏𝐷, reaching the limiting value of 0.2
(1∕𝑎). With the increase in 𝜏𝐶 , the value of the 𝑥∗2 increases. As the
internal stationary state value approaches 1, one of the stable stationary
states disappears, leaving full defection as the only stable stationary
state. The curve dividing the region of bistability and full defection
marks the bifurcation point.

3.2. Snowdrift game

Next, we analyse the Snowdrift game, also known as the chicken
game or the hawk-dove game. In this game, two players choose be-
tween contributing to a common good (C) or not (D). The cost of the
good (𝑐) is divided equally between all contributors. If at least one of
the individuals contributes, each player, regardless of their strategy,
obtains the benefit 𝑏 (Osborne et al., 2004). Hence, the game can be
represented by the following matrix:

𝐶
𝐷

𝐶 𝐷
(

𝑅 = 𝑏 − 𝑐∕2 𝑆 = 𝑏 − 𝑐
𝑇 = 𝑏 𝑃 = 0

)

(36)

where 𝑏 > 𝑐 > 0. The game with no delays has two unstable stationary
states 𝑥0 = 0, 𝑥1 = 1 and one stable internal stationary state 𝑥2 =
(𝑏 − 𝑐)∕(𝑏 − 𝑐∕2).

For the payoffs specified in the matrix (36) the system (15) becomes:
𝑑 𝑥(𝑡)
𝑑 𝑡 =

𝑦𝐶 (𝑡)(1 − 𝑥(𝑡))
𝜏𝐶

−
𝑦𝐷(𝑡)𝑥(𝑡)

𝜏𝐷
𝑑 𝑦𝐶 (𝑡)
𝑑 𝑡 = 𝑦𝐶

(

𝜏𝐶 − 1
𝜏𝐶

−
𝑦𝐶 (𝑡)
𝜏𝐶

−
𝑦𝐷(𝑡)
𝜏𝐷

)

+ 𝑥(𝑡)
( 𝑐
2
𝑥(𝑡) + 𝑏 − 𝑐

)

(37)

𝑑 𝑦𝐷(𝑡)
𝑑 𝑡 = 𝑦𝐷

(

𝜏𝐷 − 1
𝜏𝐷

−
𝑦𝐶 (𝑡)
𝜏𝐶

−
𝑦𝐷(𝑡)
𝜏𝐷

)

+ 𝑏𝑥(𝑡)(1 − 𝑥(𝑡)).

This system (37) can have four stationary states. The trivial stationary
state 𝑥0 becomes:

𝑒0 =
(

0, 0, 𝜏𝐷 − 1) , (38)

if 𝜏𝐷 > 1. The population would grow exponentially if 1∕𝜏𝐷 < 0.
Additionally, when 𝜏𝐷 ≤ 1, 𝑦𝐷 = 0. As the delay cannot take negative
values, we can see that the population always goes extinct in the full
defection stationary state.

The full cooperation stationary state 𝑥1 becomes:
( 1 (

√

) )
𝑒1 = 1,
2

𝜏𝐶 − 1 + 𝜏𝐶 (4𝑏 − 2𝑐 + 𝜏𝐶 − 2) + 1 , 0 . (39)
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In the full cooperation stationary state, the condition (17) becomes:
1

2𝜏𝐶

(

𝜏𝐶 − 1 +
√

𝜏𝐶 (4𝑏 − 2𝑐 + 𝜏𝐶 − 2) + 1
)

> 1 (40)

and holds when (1 < 𝑏 < 2 ∧ 0 < 𝑐 ≤ 2𝑏 − 2) ∨ (𝑏 ≥ 2). Additionally, two
internal stationary states may be present:

𝑒2 =

(

𝑥∗2 ,
𝜏𝐶𝑥∗2𝑦

(2)
𝐷

𝜏𝐷 − 𝜏𝐷𝑥∗2
, 𝑦(2)𝐷

)

(41)

𝑒3 =

(

𝑥∗3 ,
𝜏𝐶𝑥∗3𝑦

(1)
𝐷

𝜏𝐷 − 𝜏𝐷𝑥∗3
, 𝑦(3)𝐷

)

(42)

where

𝑥∗2 = 1
(𝑐 𝜏𝐷 − 2𝑏𝜏𝐶 )2
(

(𝜏𝐶 − 𝜏𝐷)
√

𝑜

+ 𝜏𝐷
(

4𝑏2𝜏𝐶 − 2𝑏(2𝑐 𝜏𝐶 + 𝜏𝐶 − 1) − 𝑐(𝜏𝐶 + 1))

+ 𝜏𝐶 (2𝑏(𝜏𝐶 − 1) + 𝑐) + 𝑐 𝜏2𝐷(−2𝑏 + 2𝑐 + 1)
)

, (43)

𝑥∗3 = 1
(𝑐 𝜏𝐷 − 2𝑏𝜏𝐶 )2
(

(𝜏𝐷 − 𝜏𝐶 )
√

𝑜

+ 𝜏𝐷
(

4𝑏2𝜏𝐶 − 2𝑏(2𝑐 𝜏𝐶 + 𝜏𝐶 − 1) − 𝑐(𝜏𝐶 + 1))

+ 𝜏𝐶 (2𝑏(𝜏𝐶 − 1) + 𝑐) + 𝑐 𝜏2𝐷(−2𝑏 + 2𝑐 + 1)
)

, (44)

𝑦(𝑖)𝑑 = 1
2
(1 − 𝑥∗𝑖 )

(

𝜏𝐷 − 1 +
√

4𝑏𝜏𝐷𝑥 + 𝜏2𝐷 − 2𝜏𝐷 + 1
)

. (45)

In (43) and (44) 𝑜 is defined as:

𝑜 = 16𝑏3𝜏𝐶 + 4𝑏2(𝜏𝐶 (−4𝑐 + 𝜏𝐶 − 2) − 2𝑐 𝜏𝐷 + 1)
+ 4𝑏𝑐(2𝑐 𝜏𝐷 + 𝜏𝐶 (−𝜏𝐷) + 𝜏𝐶 + 𝜏𝐷 − 1) + 𝑐2(𝜏𝐷 − 1)2. (46)

In the internal equilibria, the condition (17) takes the following form:
𝑥∗𝑖 𝑦

(𝑖)
𝐷

𝜏𝐷 − 𝜏𝐷𝑥∗𝑖
+

𝑦(𝑖)𝐷
𝜏𝐷

> 1. (47)

The condition is met when one of the following constraints holds true:
(

1 < 𝑏 ≤ 2 ∧
(

(0 < 𝑐 ≤ 𝑏 − 1)

∨
(

𝑏 − 1 < 𝑐 < 2𝑏 − 2 ∧ −2𝑏 + 2𝑐 + 2
𝑐

≤ 𝑥∗𝑖 < 1
)

))

, (48)

𝑏 > 2 ∧
(

(0 < 𝑐 ≤ 𝑏 − 1)

∨
(

𝑏 − 1 < 𝑐 < 𝑏 ∧ −2𝑏 + 2𝑐 + 2
𝑐

≤ 𝑥∗𝑖 < 1
)

))

.

Now, we combine conditions (40) and (48) and obtain the following
constrains on the game parameters: (1 < 𝑏 ≤ 2 ∧ 𝑐 < 2𝑏 − 2) ∨ 𝑏 > 2.
Additionally, when 𝑏 < 𝑐 + 1, the following constraint needs to be
pplied to the internal stationary state values: −2𝑏+2𝑐+2

𝑐 ≤ 𝑥∗𝑖 for 𝑖 ∈
{2, 3}.

Homogeneous stationary states. The analysis of the full cooperation
tationary state 𝑒1 shows that it is stable if 𝜏𝐷 > 𝑛 where 𝑛 =
4𝑏2𝜏𝐶−2𝑏𝑐 𝜏𝐶−4𝑏𝜏𝐶+𝑐 𝜏𝐶+𝑐

4𝑏2−4𝑏𝑐−4𝑏+𝑐2+2𝑐 +

√

4𝑏𝑐2𝜏𝐶−2𝑐3𝜏𝐶+𝑐2𝜏2𝐶−2𝑐
2𝜏𝐶+𝑐2

(4𝑏2−4𝑏𝑐−4𝑏+𝑐2+2𝑐)2
. Hence, full cooper-

ation can be stable if the defector delay is large enough and the co-
operator delay is small enough. We show that full defection stationary
state 𝑒0 is stable if the following conditions are met (0 < 𝑐 ≤ 2 ∧ (2 + 𝑐)∕
𝑐 < 𝑏 < 𝑐 + 1 ∧ 𝜏𝐷 > 𝑝) ∨

(

𝑐 > 2 ∧ 𝑐 < 𝑏 < 𝑐 + 1 ∧ 𝜏𝐷 > 𝑝) where 𝑝 =

1
2

√

4𝑏𝜏𝐶−4𝑐 𝜏𝐶+𝜏2𝐶−2𝜏𝐶+1
(𝑏−𝑐−1)2 + −𝜏𝐶−1

2(𝑏−𝑐−1) and is never stable if 𝜏𝐷 < 1. The
pecific form of the payoff matrix of the Snowdrift game violates

the assumption of exponential growth whenever full defection is in a
table stationary state. Therefore, any parameter combination leading
6 
Fig. 3. The existence of one or two internal in the Snowdrift game parameter (𝑏 and
) space. In the grey region, only 𝑒2 can exist. In the purple region, both 𝑒2 and 𝑒3
ay exist. Outside of the coloured region, the population is at risk of extinction.

to stability of full defection needs to be noted as leading to the possible
xtinction of the population. As population extinction is excluded from
he model’s assumptions, we only analyse the parameter space when
xtinction is impossible. Hence, we assume that 𝑏 ≥ 𝑐 + 1. The details
f the stability analysis are presented in Appendix A.2.

Internal stationary state. We analyse the two possible internal (in
he interval (0, 1)) stationary states (𝑒2, 𝑒3). When the cooperator delay
xceeds the defector delay (𝜏𝐶 > 𝜏𝐷), only one internal stationary
tate, 𝑒2, exists. In that region of the parameter space, the stationary
tate is always stable. With the increase of cooperator delay, the
nternal stationary state value 𝑥∗2 decreases. In the limit of 𝜏𝐶 → ∞
∗
2 approaches a limiting value 1∕𝑏. Notably, for all considered game
arameters 1∕𝑏 > (−2𝑏 + 2𝑐 + 2)∕𝑐, the population grows exponentially
n the internal stationary state. An increase in the defector delay 𝜏𝐷
eads to an increase in the value of 𝑥∗2. In the limit of the delay 𝜏𝐷
pproaching 𝜏𝐶 , the stationary state approaches the limiting value, the
nternal stationary state of the system with no delays, (𝑏− 𝑐)∕(𝑏− 𝑐∕2).

If the defector delay is greater than the cooperator delay (𝜏𝐷 > 𝜏𝐶 ),
oth internal stationary states may exist in the interesting interval
0, 1). In particular, the existence of the stationary state 𝑒3 depends
n the parameter values of the game: the stationary state can exist
nly if certain conditions are met. Otherwise, only 𝑒2 can exist. The
wo regions of the 𝑏, 𝑐 parameter space are represented in Fig. 3. Both
nternal stationary states may exist in the parameter region indicated
n purple in Fig. 3. Particularly, when 0 < 𝜏𝐶 < 𝑞, where 𝑞 =

8𝑏3−4𝑏2(3𝑐+2)+4𝑏𝑐(𝑐+2)−𝑐2

2
√

2
√

𝑏(2𝑏3−2𝑏2(2𝑐+1)+𝑏𝑐(2𝑐+3)−𝑐2)
− 2𝑏 + 𝑐 + 1 the two stationary states

coexist, with 𝑥∗2 < 𝑥∗3, 𝑒2 being stable and 𝑒3 unstable. At the point 𝑜 = 0,
where 𝑜 has been defined as (46), the two stationary states collide at
a fold bifurcation and disappear. 𝑒3 collides with the full cooperation
stationary state 𝑒1 at 𝜏𝐷 = 𝑛 and the two switch stability. In the gray
region in Fig. 3 or when 𝜏𝐶 ≥ 𝑞 only 𝑒2 exists. The value of 𝑥∗2 decreases

ith cooperator delay 𝜏𝐶 and increases with defector delay 𝜏𝐷, colliding
with the full cooperation stationary state at 𝜏𝐷 = 𝑛. In the limit of
𝜏𝐶 → 𝜏𝐷 the fraction of the cooperators approaches (𝑏 − 𝑐)∕(𝑏 − 𝑐∕2). If
t exists, the internal stationary state is always stable.

One delay present. To analyse the system (18), we must consider the
ame parameter values and the two regions in Fig. 3. In the grey region,

only one internal stationary state can exist, the fraction of cooperators
coinciding with 𝑥∗ in the limit of 𝜏 → 0:
2 𝐶
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Fig. 4. Stability of the stationary states of the Snowdrift game represented by matrix (52). On the left, the stationary state values for specific delays are plotted. The 𝑥(1)2 line
represents the internal stationary state as a function of 𝜏, when 𝜏𝐶 = 𝜏, 𝜏𝐷 = 2𝜏. An increase in 𝜏 leads to an increase in stationary state value. The internal stationary state ceases
to exist for a high enough value of 𝜏, and full cooperation becomes stable. The 𝑥(2)2 line represents internal stationary state as a function of 𝜏, when 𝜏𝐶 = 𝜏 , 𝜏𝐷 = 2. Full cooperation
is a stable stationary state for small values of 𝜏, and no internal stationary state exists. A stable internal stationary state appears with the increase in 𝜏, and full cooperation
loses stability. The value of the internal stationary state decreases with the increase of 𝜏. The 𝑥(3)2 line represents the internal stationary state as a function of 𝜏 when 𝜏𝐶 = 2𝜏,
𝜏𝐷 = 𝜏. The internal stationary state’s value decreases with an increase in 𝜏. On the right, the stability of the system in the parameter space 𝜏𝐶 and 𝜏𝐷 is shown. The solid black
line indicates the point of bifurcation. In the ‘‘Full Cooperation’’ region, only 𝑒1 is stable. In the ‘‘Coexistence’’ region, only 𝑒2 is stable, the fraction of cooperators indicated by
the colour. The values considered on the left are represented by dashed (𝑥(1)2 ), dotted (𝑥(2)2 ) and dot-dashed (𝑥(3)2 ) lines, respectively. The effects of only one delay present can be
observed on the left and bottom edges of the plot.
𝑥̃2 =
1

𝑐2𝜏𝐷

(

𝑏(2 − 2𝑐 𝜏𝐷) + 2𝑐2𝜏𝐷 + 𝑐 𝜏𝐷 − 𝑐

−
√

𝑏2(4 − 8𝑐 𝜏𝐷) + 4𝑏𝑐(2𝑐 𝜏𝐷 + 𝜏𝐷 − 1) + 𝑐2(𝜏𝐷 − 1)2
)

(49)

= lim
𝜏𝐶→0

𝑥∗2 .

In the limit of defector delay tending to 0, the internal stationary state
approaches 𝑥2 = (𝑏 − 𝑐)∕(𝑏 − 𝑐∕2). In the purple region of Fig. 3 two
internal stationary states can be present, corresponding to 𝑒2 and 𝑒3
such that 𝑥̃2 is given by Eq. (49) and 𝑥̃3 by:

𝑥̃3 =
1

𝑐2𝜏𝐷

(

𝑏(2 − 2𝑐 𝜏𝐷) + 2𝑐2𝜏𝐷 + 𝑐 𝜏𝐷 − 𝑐

+
√

𝑏2(4 − 8𝑐 𝜏𝐷) + 4𝑏𝑐(2𝑐 𝜏𝐷 + 𝜏𝐷 − 1) + 𝑐2(𝜏𝐷 − 1)2
)

(50)

= lim
𝜏𝐶→0

𝑥∗2 .

In the limit of no delays present, only one of the internal stationary
states exists in the interval (0, 1), in particular, lim𝜏𝐷→0 𝑥̃2 = (𝑏− 𝑐)∕(𝑏−
𝑐∕2).

If only cooperators experience delays (𝜏𝐷 = 0) the system (19) has
one possible internal stationary state 𝑒2. The value of 𝑥̄2 is equal to the
stationary state value 𝑥∗2 in the limit of no defector delays:

̄2 =
1

4𝑏2𝜏𝐶

(

2𝑏𝜏𝐶 − 2𝑏 + 𝑐

+
√

8𝑏2𝜏𝐶 (2𝑏 − 2𝑐) + (2𝑏𝜏𝐶 − 2𝑏 + 𝑐)2
)

(51)

= lim
𝜏𝐷→0

𝑥∗2 .

With the cooperator delay approaching 0, the value of the internal
stationary state approaches the no-delay value: lim𝜏𝐶→0 𝑥̄2 = 𝑥2 =
(𝑏 − 𝑐)∕(𝑏 − 𝑐∕2).

Examples. We perform numerical analysis on two payoff matrices,
each corresponding to one region in Fig. 3. Matrix (52) (𝑏 = 5 and 𝑐 = 2)
corresponds to the grey region and the matrix (53) (𝑏 = 5, 𝑐 = 3.9) lies
in the purple region.

𝐶
𝐷

𝐶 𝐷
(

𝑅 = 4 𝑆 = 3
𝑇 = 5 𝑃 = 0

)

(52)

In the case of no delays, the game characterised by the payoff ma-
trix (52) has one stable stationary state 𝑥 = 0.75 and two unstable
7 
stationary states of full cooperation and full defection.
In Fig. 4, the behaviour of the internal stationary state is analysed.

In most of the space, the internal stationary state exists and is stable.
The internal stationary state disappears above the boundary value of
𝜏𝐷, and full cooperation becomes stable. To showcase the dynamics in
the purple region of Fig. 3, we look at another payoff matrix:

𝐶
𝐷

𝐶 𝐷
(

𝑅 = 3.05 𝑆 = 1.1
𝑇 = 5 𝑃 = 0

)

(53)

In Fig. 5, the behaviour of the dynamics of the Snowdrift game
characterised by matrix (53) is showcased. For a small interval of values
of delays, i.e. 𝜏𝐶 < 0.00715429, we can observe the coexistence of two
internal stationary states that collide in a saddle–node bifurcation by
increasing the delay magnitude 𝜏𝐷. In the remainder of the space, the
dynamics are similar to the ones observed for matrix (52).

3.3. Prisoner’s Dilemma game

Lastly, we analyse the Prisoner’s Dilemma. In this game, each player
can choose to incur a cost 𝑐 to provide the opponent with a benefit 𝑏 (C)
or not (D) (Doebeli and Hauert, 2005). Additionally, here, we introduce
a base endowment of 𝑐 so that all of the possible payoffs of the game
are non-negative. Hence, the game is represented by the following
matrix:

𝐶
𝐷

𝐶 𝐷
(

𝑅 = 𝑏 𝑆 = 0
𝑇 = 𝑏 + 𝑐 𝑃 = 𝑐

)

(54)

where 𝑏 > 𝑐 > 0. If no delays are present, the game has one stable
stationary state, full defection (𝑥0 = 0), no internal stationary state
exists, and full cooperation (𝑥1 = 1) is unstable. For the Prisoner’s
Dilemma ((54)) the system (15) becomes:
𝑑 𝑥(𝑡)
𝑑 𝑡 =

𝑦𝐶 (𝑡)(1 − 𝑥(𝑡))
𝜏𝐶

−
𝑦𝐷(𝑡)𝑥(𝑡)

𝜏𝐷
𝑑 𝑦𝐶 (𝑡)
𝑑 𝑡 = 𝑦𝐶

(

𝜏𝐶 − 1
𝜏𝐶

−
𝑦𝐶 (𝑡)
𝜏𝐶

−
𝑦𝐷(𝑡)
𝜏𝐷

)

+ 𝑏𝑥2(𝑡) (55)

𝑑 𝑦𝐷(𝑡)
𝑑 𝑡 = 𝑦𝐷

(

𝜏𝐷 − 1
𝜏𝐷

−
𝑦𝐶 (𝑡)
𝜏𝐶

−
𝑦𝐷(𝑡)
𝜏𝐷

)

+

(𝑏𝑥(𝑡) + 𝑐)(1 − 𝑥(𝑡))
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Fig. 5. The stability and the existence of internal stationary states of the Snowdrift game represented by matrix (53) depends on the time delays. The left plot represents the
internal stationary states’ values as a function of 𝜏, when 𝜏𝐶 = 0.005, 𝜏𝐷 = 𝜏. Two internal stationary states may exist at the same time. The value of 𝑥∗3 decreases with 𝜏 and
∗
2 increases. 𝑒3 is always unstable and appears when full cooperation becomes stable. After the internal stationary states collide, they disappear, and full cooperation is the only
table stationary state. Full defection is always unstable. As shown on the right plot, the two internal stationary states emerge at 𝜏𝐶 = 0.00715429, and 𝜏𝐷 ≈ 0.33031257 as the
odimension-two pitchfork bifurcation unfolds into a transcritical bifurcation and the saddle–node which gives rise to 𝑒2 and 𝑒3. The details of these mechanisms are further
nvestigated in Appendix B.
s
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In the interval [0, 1], three stationary states of the system (55) are
possible. Full defection (equivalent to 𝑥0) becomes:

𝑒0 =
(

0, 0, 1
2

(

𝜏𝐷 − 1 +
√

4𝑐 𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
))

. (56)

In 𝑒0, the condition (17) becomes
1

2𝜏𝐷

(

𝜏𝐷 − 1 +
√

4𝑐 𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
)

> 1. (57)

For the condition to hold, the inequality 𝑐 ≥ 1 needs to be true. The
ull cooperation stationary state (equivalent to 𝑥1) takes the following
orm:

𝑒1 =
(

1, 1
2

(

𝜏𝐶 − 1 +
√

4𝑏𝜏𝐶 + 𝜏2𝐶 − 2𝜏𝐶 + 1
)

, 0
)

. (58)

Then, in 𝑒1 the condition (17) becomes
1

2𝜏𝐶

(

𝜏𝐶 − 1 +
√

4𝑏𝜏𝐶 + 𝜏2𝐶 − 2𝜏𝐶 + 1
)

> 1, (59)

which holds true when 𝑏 ≥ 1. Additionally, an internal stationary state
ppears:

𝑒2 =

(

𝑥∗2 ,
𝜏𝐶𝑥∗2𝑦

∗
𝐷

𝜏𝐷(1 − 𝑥∗2)
, 𝑦∗𝐷

)

(60)

where

𝑦∗𝐷 = 1
2
(1 − 𝑥∗2)

(

𝜏𝐷 − 1 +
√

𝜏𝐷(4𝑏𝑥∗2 + 4𝑐 − 2) + 𝜏2𝐷 + 1
)

(61)

𝑥∗2 = 1
2

(

−2𝑐 𝜏𝐶 + 𝜏𝐶 − 𝜏𝐷
𝑏𝜏𝐶 − 𝑏𝜏𝐷

+

√

−4𝑐 + 𝜏𝐶 − 𝜏𝐷
𝑏2(𝜏𝐶 − 𝜏𝐷)

)

. (62)

To ensure that the population grows exponentially, we have
𝜏𝐶𝑥∗2𝑦

∗
𝐷

𝜏𝐷𝜏𝐶 (1 − 𝑥∗2)
+

𝑦∗𝐷
𝜏𝐷

> 1, (63)

and 𝑥∗2 > 1∕𝑏. Hence, for the population to grow in each stationary
state, an additional constraint on the game has to be introduced: 𝑐 ≥ 1.
In the internal stationary state, the following needs to hold: 𝑥∗2 > 1∕𝑏.

Homogeneous stationary states. The stability analysis of the full de-
fection stationary state 𝑒0 shows that it always exists and is always
stable. Full cooperation 𝑒1 is unstable, unless the following is true: 𝜏𝐷 >

𝑐∕(−𝑏 + 𝑏2) ∧ 𝜏𝐶 < 𝑟 where 𝑟 =
2(𝑏−1)𝑏𝜏𝐷−𝑐

(

−2𝑏𝜏𝐷+𝜏𝐷+1+
√

𝜏𝐷(4𝑏+4𝑐+𝜏𝐷−2)+1
)

2(𝑏+𝑐−1)(𝑏+𝑐) .
ull cooperation becomes stable for a big enough delay of defectors and
 small enough delay of cooperators. Details of the stability analysis are
 p
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presented in Appendix A.3.
Internal stationary state. The system has no internal stationary state if

no delays are present. Then, for 𝜏𝐷 > 𝑐∕(−𝑏+𝑏2) and 𝜏𝐶 = 𝑟 the internal
tationary state appears at 𝑥∗2 = 1. A further increase in 𝜏𝐷 leads to a
ecrease in 𝑥∗2. An increase in 𝜏𝐶 always leads to an increase in 𝑥∗2 until
t disappears again when 𝜏𝐶 > 𝑟. Notably, 𝑥∗2 attains positive values only
f 𝜏𝐷 > 𝜏𝐶 . In the limit of defector delay approaching infinity, 𝜏𝐷 → ∞,
∗
2 approaches a limiting value 1∕𝑏, ensuring population growth in the
nternal stationary state.

One delay present. We analyse the system’s behaviour when only one
of the delays is present. For 𝜏𝐶 = 0 the system (18) has one internal
stationary state in the interval (0, 1), which coincides with the limit of
the internal stationary state 𝑥∗2:

𝑥̃2 =
1 +

√

4𝑐
𝜏𝐷

+ 1
2𝑏

= lim
𝜏𝐶→0

𝑥∗2 .

In the case of no defector delay (𝜏𝐷 = 0) the system (19) does not
have an internal solution in the (0, 1) interval. This result is explained by
the fact that the existence of the internal stationary state of the general
risoner’s Dilemma depends on the presence of the defector delay.

Consequently, we see that in the limit of 𝜏𝐷 → 0, the internal solution

takes a value that is always less than 0: lim𝜏𝐷→0 𝑥∗2 =
−2𝑐+1+𝑏

√

𝜏𝐶−4𝑐
𝑏2𝜏𝐶

2𝑏 < 0.
We show that for the Prisoner’s Dilemma in the cost-benefit form

transformed for all payoffs to be non-negative), complete defection is
lways stable, regardless of the delays. However, it is possible for full

cooperation to become stable and for the unstable internal stationary
state to appear. If both extreme stationary states are stable, an increase
in the strategy’s delay leads to a decrease in the size of the basin of
attraction of the respective stationary state.

Examples. For the numerical analysis, we use the following payoff
matrix:

𝐶
𝐷

𝐶 𝐷
(

𝑅 = 3 𝑆 = 0
𝑇 = 5 𝑃 = 2

)

(64)

Fig. 6 explores the change in the system stability in the parameter
pace of delays. In the majority of the parameter space full defection is
he only stable stationary state. As the delay of defectors increases, full
ooperation becomes stable, as indicated by the colourful region in the
lot, the colours representing the value of the internal stationary state.
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Fig. 6. Stability of the stationary states of the Prisoner’s Dilemma represented by matrix (64). On the left, the stationary state values for specific values of delays are plotted.
The dashed line represents the internal stationary state 𝑥(1)2 as a function of 𝜏, when 𝜏𝐶 = 𝜏, 𝜏𝐷 = 1. An increase in 𝜏 leads to an increase in stationary state value. The internal
stationary state ceases to exist for a high enough value of 𝜏, and full cooperation is not stable anymore. The dotted line represents internal stationary state 𝑥(2)2 as a function of
𝜏, when 𝜏𝐶 = 0, 𝜏𝐷 = 𝜏. Full defection is the only stable stationary state for small values of 𝜏, and no internal stationary state exists. With the increase in 𝜏, the internal stationary
state appears, and full cooperation becomes stable. The value of the internal stationary state decreases with the increase of 𝜏. On the right, the stability of the system in the
parameter space 𝜏𝐶 and 𝜏𝐷 is shown. The solid black line indicates the point of the bifurcation. In the ‘‘Full Defection’’ region, only 𝑒0 is stable. In the ‘‘Bistability’’ region, both
𝑒0 and 𝑒1 are stable, and their basins of attraction are divided by the unstable internal stationary state. The colour indicates the value of the internal stationary state. The values
considered on the left are represented by dashed (𝑒(1)2 ) and dotted (𝑒(1)2 ) lines, respectively. The effects of only one delay present can be observed on the left and bottom edges of

the plot.
4. Conclusions

Differential equations with time delays are infinite-dimensional dy-
namical systems, and therefore, any analytical solutions are difficult
to obtain. Still, delays are ubiquitous in nature and, as such, should
not be ignored in modelling. Here, we presented a different approach
to model time delays in replicator dynamics of evolutionary games. In
our Kindergarten model, strategy-dependent time delays correspond to
rates at which offspring leave the corresponding kindergarten and are
able to play games. Our qualitative results coincide with conclusions
presented in Miȩkisz and Bodnar (2021) while providing benefits of
lower complexity and more accessible analysis.

We derive explicit formulas for the stationary fraction of coopera-
tors in the population. Namely, we show that in the Stag–Hunt game,
a strategy delay leads to a decrease in the size of its basin of attraction
of the corresponding absorbing state. High enough cooperator time
delay destabilises full cooperation. The same cannot be said about full
defection, which is stable regardless of delay values. Similar behaviour
can be observed in the Prisoner’s Dilemma game. With the introduction
of time delays, full cooperation can become locally asymptotically
stable. Again, it is not possible to destabilise full defection.

In both games, cooperation can be leveraged when we introduce
stochasticity in finite populations. According to the ‘‘one-third
rule’’ (Nowak et al., 2004), generalised in Nałęcz-Jawecki and Miękisz
(2018), a strategy can be evolutionarily stable in finite populations if
its basin of attraction is bigger than 1∕3 (the fixation probability of
the competing strategy is smaller than the inverse of the population
size). Therefore, by increasing the basin of attraction, delays can give
the cooperators the needed advantage to take over the population.
The Snowdrift game represents a reverse situation to the Stag–Hunt
and Prisoner’s Dilemma ones — full defection can never be stable.
However, full cooperation can become stable. If the internal stationary
state exists, it is stable, and its value depends on the delays. An increase
in the delay of a given strategy decreases its fraction in the coexistence
stationary state. Moreover, an additional second internal stationary
state may appear.

The effects of delays are not limited to shifting internal stationary
states within the game class, but additionally, they can lead to a change
in the nature of the game itself. We show that introducing strategy-
dependent delays alters the effective games played and subsequently
9 
leads to a change of optimal strategies. This result underlines the
importance of considering the temporal structure of studied systems.
Our approach can be used in games with multiple strategies and
multi-player games.
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Appendix A. Stability analysis

A.1. Stag–Hunt

We perform a stability analysis of the Stag–Hunt game’s full defec-
tion stationary state 𝑒 . Its eigenvalues are given by:
0
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𝜆0,1 = −

√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
𝜏𝐷

(A.1)

𝜆0,2 = −
𝜏𝐷 − 1 +

√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
2𝜏𝐷

(A.2)

𝜆0,3 =
𝜏𝐷 + 1 −

√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
2𝜏𝐷

− 1
𝜏𝐶

. (A.3)

This stationary state is always stable.
In contrast, the full cooperation stationary state 𝑒1 can change its

tability. The eigenvalues of the stationary state are given by:

𝜆1,1 = −

√

(4𝑎 − 2)𝜏𝐶 + 𝜏2𝐶 + 1
𝜏𝐶

(A.4)

𝜆1,2 =
1 −

√

4𝑎𝜏𝐶 + 𝜏2𝐶 − 2𝜏𝐶 + 1
2𝜏𝐶

−
1 +

√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
2𝜏𝐷

(A.5)

𝜆1,3 =
1 −

√

(4𝑎 − 2)𝜏𝐶 + 𝜏2𝐶 + 1
2𝜏𝐶

−
1 −

√

4𝑏𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
2𝜏𝐷

. (A.6)

The change in the stability of the stationary state happens via
transcritical bifurcation when 𝜆1,3 = 0, which takes place when 𝜏𝐶 = 𝑚.
At this point, we observe the internal stationary state reaching the
full cooperation stationary state (𝑒1 = 𝑒2) and the stability of the two
stationary states exchanges. For 𝜏𝐶 ≥ 𝑚, the full cooperation stationary
state 𝑒1 is unstable, and 𝑒2 does not exist. When 𝑒2 exists, it is unstable,
and the full cooperation stationary state is stable.

A.2. Snowdrift game

First, we present the stability analysis of the full cooperation sta-
tionary state 𝑒1 of the Snowdrift game. The eigenvalues are given
by:

𝜆1,1 = −

√

4𝑏𝜏𝐶 − 2(𝑐 + 1)𝜏𝐶 + 𝜏2𝐶 + 1
𝜏𝐶

(A.7)

𝜆1,2 =
1 −

√

4𝑏𝜏𝐶 − 2(𝑐 + 1)𝜏𝐶 + 𝜏2𝐶 + 1
2𝜏𝐶

−
1 +

√

(4𝑏 − 2)𝜏𝐷 + 𝜏2𝐷 + 1
2𝜏𝐷

(A.8)

𝜆1,3 =
1 −

√

4𝑏𝜏𝐶 − 2(𝑐 + 1)𝜏𝐶 + 𝜏2𝐶 + 1
2𝜏𝐶

−
1 −

√

(4𝑏 − 2)𝜏𝐷 + 𝜏2𝐷 + 1
2𝜏𝐷

. (A.9)

The change in stability of the stationary state happens via a tran-
critical bifurcation when 𝜆1,3 = 0. The bifurcation takes place when
𝐷 = 𝑛. At this point, we observe one of the internal stationary states

(𝑒2 or 𝑒3 depending on the parameter values) and the full cooperation
tationary state exchange stability. For 𝜏𝐷 > 𝑛, full cooperation is a
table stationary state.

We perform the stability analysis of the full defection stationary
tate 𝑒 . The eigenvalues are given by:
0
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𝜆0,1 = − |𝜏𝐷 − 1|
𝜏𝐷

(A.10)

𝜆0,2 = −
1 +

√

𝜏𝐶 (4𝑏 − 4𝑐 − 2) + 𝜏2𝐶 + 1
2𝜏𝐶

+
1 − |𝜏𝐷 − 1|

2𝜏𝐷
(A.11)

𝜆0,3 = −
1 −

√

𝜏𝐶 (4𝑏 − 4𝑐 − 2) + 𝜏2𝐶 + 1
2𝜏𝐶

+
1 − |𝜏𝐷 − 1|

2𝜏𝐷
. (A.12)

The stationary state changes its stability via a transcritical bifurca-
tion when 𝜆0,3 = 0, which occurs when

(

𝑏 < 𝑐 + 1 ∧ 𝜏𝐷 = 𝑝
)

. The full
efection stationary state is stable if (

𝑏 < 𝑐 + 1 ∧ 𝜏𝐷 > 𝑝) and unstable
therwise. For the model assumptions not to be violated, we assume
hat 𝑏 < 𝑐 + 1 and hence, the full defection stationary state 𝑒0 is always
nstable.

A.3. Prisoner’s Dilemma

We perform the stability analysis of the full defection stationary
tate 𝑒0. The eigenvalues of the stationary state are given by:

𝜆0,1 = −

√

(4𝑐 − 2)𝜏𝐷 + 𝜏2𝐷 + 1
𝜏𝐷

(A.13)

𝜆0,2 = −
𝜏𝐷 − 1 +

√

(4𝑐 − 2)𝜏𝐷 + 𝜏2𝐷 + 1
2𝜏𝐷

(A.14)

0,3 =
1 −

√

4𝑐 𝜏𝐷 + 𝜏2𝐷 − 2𝜏𝐷 + 1
2𝜏𝐷

+
𝜏𝐶 − 2
2𝜏𝐶

. (A.15)

The full defection stationary state is always stable.
Now, we perform the analysis of the full cooperation stationary state

𝑒1. The eigenvalues are given by:

𝜆1,1 = −

√

(4𝑏 − 2)𝜏𝐶 + 𝜏2𝐶 + 1
𝜏𝐶

(A.16)

𝜆1,2 = −
1 +

√

𝜏𝐷(4𝑏 + 4𝑐 − 2) + 𝜏2𝐷 + 1
2𝜏𝐷

+
1 −

√

(4𝑏 − 2)𝜏𝐶 + 𝜏2𝐶 + 1
2𝜏𝐶

(A.17)

𝜆1,3 = −
1 −

√

𝜏𝐷(4𝑏 + 4𝑐 − 2) + 𝜏2𝐷 + 1
2𝜏𝐷

+
1 −

√

(4𝑏 − 2)𝜏𝐶 + 𝜏2𝐶 + 1
2𝜏𝐶

. (A.18)

Full cooperation can change its stability via a transcritical bifurca-
ion when 𝜆1,3 = 0, which takes place when {𝜏𝐷 > 𝑐∕(−𝑏+ 𝑏2) ∧ 𝜏𝐶 = 𝑟}.
t the bifurcation point, we have 𝑒1 = 𝑒2 and the internal stationary
tate exchanges stability with a full cooperation stationary state. For
𝐷 > 𝑐∕(−𝑏 + 𝑏2) ∧ 𝜏𝐶 < 𝑟 full cooperation is stable. In this parameter
egion, the internal stationary state 𝑒2 exists in the relevant interval
𝑥∗2 ∈ (1, 0)) and is unstable. Outside this parameter space, stationary
tate 𝑒2 does not exist, and full cooperation is unstable.

Appendix B. Unfolding of pitchfork bifurcations in the Kinder-
garten model

We recall from Fig. 5 that depending on 𝜏𝐶 (and the considered
bifurcation parameter 𝜏 ) either two internal equilibria (𝑒 and 𝑒 )
𝐷 2 3
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Fig. B.7. (a) The two-dimensional bifurcation diagram displays the continuation of the saddle–node bifurcation 𝑠𝑛 (blue) and transcritical bifurcations 𝑡𝑟1, 𝑡𝑟1 (orange) with respect
o (𝜏𝐶 , 𝑃 ). (b) At 𝑃 ≈ 0.91624, 𝜏𝐶 ≈ 0.761597, the saddle–node bifurcation 𝑠𝑛 collides with 𝑡𝑟1 in a supercritical bifurcation pitchfork 𝑝𝑓1. (c) Two internal equilibria 𝑒2 and 𝑒3 are
resent until either leaves the relevant interval 𝑥∗ ∈ [0, 1] via a transcritical bifurcation and the corresponding pure strategy equilibria 𝑒0 or 𝑒1. Particularly, 𝑒2 bifurcates with 𝑒1
t 𝑡𝑟1 and 𝑒3 with 𝑒0 at 𝑡𝑟2. (d) The saddle node bifurcation 𝑠𝑛 collides with the second transcritical bifurcation 𝑡𝑟2 in a supercritical pitchfork bifurcation at 𝑃 ≈ 1.19206938 and

𝜏𝐶 = 0.589708546. The one-dimensional bifurcation diagrams are obtained for 𝑃 = 0.91624 in (b), 𝑃 = 1.15 in (c), 𝑃 = 1.19206938 in (d) and indicated as dashed lines in (a). The
remaining parameter values are 𝑅 = 3.05, 𝑆 = 1.1, 𝑇 = 5, and 𝜏𝐷 = 2.0.
f
a

t

or only one internal equilibrium (𝑒2) exists for the same Snowdrift
game represented by matrix (53). Here, we would like to further
llustrate the mechanism behind that observation in more detail. To
o so, we consider a less restricted parameter regime in the form of a
eneral payoff matrix (1) where its entries might serve as bifurcation

parameters similar to Fig. 3.
Note that this might imply switching from one game to another.

or example, in the case that the inequality 𝑃 < 𝑆 becomes 𝑃 > 𝑆, a
nowdrift game would change into a Prisoner’s Dilemma. We use the
ayoff matrix (53) as a case study and consider 𝑃 as an additional

bifurcation parameter while keeping 𝑅 = 3.05, 𝑅 = 1.1, and 𝑇 = 5
fixed, implying that if we vary 𝑃 > 1.1, the Snowdrift game becomes a
risoner’s Dilemma.

Starting with 𝑃 = 0 and 𝜏𝐷 = 2, we consider 𝜏𝐶 as bifurcation
arameter and continue the branch 𝑒2 depicted in Fig. 4 for 𝑥2 > 1. We
bserve at 𝜏𝐶 ≈ 0.65833239 a saddle–node bifurcation 𝑠𝑛 that gives rise
o 𝑒2 (and 𝑒3). Throughout the following discussion, we are particularly
nterested in the location of this saddle–node bifurcation 𝑠𝑛 and track it
n the (𝑃 , 𝜏𝐶 ) parameter plane (given in Fig. B.7(a) by the blue curve).

At 𝑃 ≈ 0.91624583, and 𝜏𝐶 ≈ 0.761597 the saddle–node bifurca-
tion 𝑠𝑛 collides with the transcritical bifurcation 𝑡𝑟1 (depicted orange
Fig. B.7(a)), forming a codimension-two supercritical pitchfork bifurca-
tion 𝑝𝑓1; see Fig. B.7(b). The further increase in 𝑃 causes the pitchfork
ifurcation 𝑝𝑓1 to unfold into the former saddle–node bifurcation 𝑠𝑛

and the transcritical bifurcation 𝑡𝑟1. This causes the formation of two
internal stationary states 𝑒2 and 𝑒3 similar to Fig. 5 until 𝑒3 bifurcates
at 𝑡𝑟 with 𝑒 . Or in other words, we observe two internal equilibria
1 1

11 
𝑒2 and 𝑒3 for 𝜏𝑠𝑛 < 𝜏𝐶 < 𝜏𝑡𝑟1 where 𝜏𝑠𝑛 denotes the value of 𝜏𝐶 of the
saddle node bifurcation and accordingly 𝜏𝑡𝑟1 to the value of 𝜏𝐶 of the
transcritical bifurcation 𝑡𝑟1.

It appears that the existence of two internal equilibria is quite robust
or Snowdrift games as indicated in Fig. 3 and also noted by Miȩkisz
nd Bodnar (2021) for the original DDE model.

However, we also observed two internal states in a Prisoner’s
Dilemma. For example, the one-dimensional bifurcation diagram of
𝜏𝐶 with 𝑃 = 1.15, given in Fig. B.7(c), we observe two internal
stationary between 𝜏𝑠𝑛 < 𝜏𝐶 < 𝜏𝑡𝑟1 . In addition, we observe a second
ranscritical bifurcation 𝑡𝑟2, caused by 𝑒3 colliding with 𝑒0. Finally,

further increasing of 𝑃 results in a collision of 𝑠𝑛 with 𝑡𝑟2 in a subcritical
pitchfork bifurcation at 𝑃 ≈ 1.19206938 and 𝜏𝐶 ≈ 0.589708546 (see
Fig. B.7(d)) and the loss of two internal equilibria.

Appendix C. Extinction in a Snowdrift game due to time delay

In Appendix B, we presented the emergence of two internal equilib-
ria that might be present in a Snowdrift game or a Prisoner’s Dilemma
by using a general payoff matrix (1) and considered 𝑃 as an additional
bifurcation parameter. Here, we want to present another bifurcation
scenario that can occur in the kindergarten model and consider the
following general payoff matrix

𝐶
𝐶 𝐷

(

𝑅 = 2.0 𝑆 = 0.5 )

,
(C.1)
𝐷 𝑇 = 2.95 𝑃 = 0.01
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Fig. C.8. (a) The two-dimensional bifurcation diagram displays the continuation of the saddle–node bifurcations 𝑠𝑛1, 𝑠𝑛2 (blue) and transcritical bifurcations 𝑡𝑟1, 𝑡𝑟1 (orange) with
espect to (𝜏𝐶 , 𝑃 ). The saddle–node bifurcations 𝑠𝑛1, 𝑠𝑛2 collide in a cusp bifurcation for 𝜏𝐶 ≈ 2.07708, 𝑃 ≈ 0.025. (b) The two saddle node bifurcations 𝑠𝑛1, 𝑠𝑛2 give rise to two
nternal equilibria each. The branches 𝑒4 and 𝑒5 are associated with an decreasing population since 𝜌4 < 1 and 𝜌5 < 1 (black dashed lines) while the branches 𝑒2 and 𝑒3 are
ssociated with an increasing population since 𝜌2 > 1 and 𝜌3 > 1 (black dashed lines). (c) At the cusp bifurcation, the population of 𝑒3 remains constant since 𝜌3 = 1, while the
rowth of population of 𝑒2 depends on the time delay 𝜏𝐶 , i.e. for 𝜏𝐶 < 2.07708 the population goes extinct and grows otherwise. (d) The detaching of 𝑒2 and 𝑒3 leads to an extinct
opulation for sufficiently large enough time delay, since for 𝜏𝐶 > 2.17929238 only 𝑒3 remains as a single attractor in the interval 𝑥∗ ∈ (0, 1) and is associated with a decreasing
opulation. The one-dimensional bifurcation diagrams are obtained for 𝑃 = 0.01 in (b), 𝑃 = 0.025 in (c), 𝑃 = 0.03 in (d) and indicated as dashed lines in (a). The remaining
arameter are 𝑅 = 2.0, 𝑆 = 0.5, 𝑇 = 2.95, and 𝜏𝐷 = 5.0.
t
b
𝑠

c
t
s
f
i

where 𝑃 serves as an additional bifurcation parameter to the delay
agnitude 𝜏𝐶 while keeping 𝜏𝐷 = 5.0 fixed.

We start by varying 𝜏𝐶 while keeping 𝑃 = 0.01 fixed. The cor-
responding bifurcation diagram is depicted in Fig. C.8(b). Similar to
Fig. 5 and Appendix B, we observe two internal equilibria 𝑒2 and 𝑒3 for
𝑠𝑛1 < 𝜏𝐶 < 𝜏𝑡𝑟1 , where 𝜏𝑠𝑛1 denotes the value of 𝜏𝐶 of the saddle node
ifurcation 𝑠𝑛1 and accordingly 𝜏𝑡𝑟1 the value of 𝜏𝐶 of the transcritical

bifurcation 𝑡𝑟1. In addition and akin to the region 𝜏𝑠𝑛1 < 𝜏𝐶 < 𝜏𝑡𝑟1 , we
observe two internal equilibria 𝑒5 and 𝑒6 for 𝜏𝑡𝑟2 < 𝜏𝐶 < 𝜏𝑠𝑛2 but with
inverted stabilities compared to 𝑒2 and 𝑒3. Moreover, due to 𝑒4 being
repelling, we observe a bistable region for 0 < 𝜏𝐶 < 𝜏𝑡𝑟2 in a Snowdrift

ame. To investigate whether the population is at risk of extinction,
e recall the extinction condition from Eq. (17)

𝜌(𝑒∗, 𝜏𝐶 , 𝜏𝐷) =
𝑦∗𝐶 (𝑡)
𝜏𝐶

+
𝑦∗𝐷(𝑡)
𝜏𝐷

> 1, (C.2)

and write 𝜌∗ to denote the extinction condition Eq. (17) associated
ith 𝑒∗. We observe that both equilibria 𝑒2 and 𝑒3 correspond to a
rowing population indicated by 𝜌2 > 1 and 𝜌3 > 1 (both depicted

as black dashed lines in Fig. C.8(b)). In contrast, 𝑒4 and 𝑒5 correspond
o a population with a risk of extinction since 𝜌4 < 1 and 𝜌5 < 1. In
ther words, the bistability observed in the Snowdrift Game is due to a
epelling (extinct) population of 𝑒4. To summarise, we observe for the
nowdrift Game given in Equation and increasing delay magnitude 𝜏𝐶 ,
 change from bistability to two (extinction) equilibria 𝑒 and 𝑒 , to full
4 5

12 
cooperation, to two (alive) equilibria 𝑒2 and 𝑒3, to a single stable mixed
equilibrium 𝑒3.

Next, and similar to Appendix B, we increase the payoff 𝑃 in the
general payoff matrix , whereas the corresponding bifurcation diagram
of the (𝑃 , 𝜏𝐶 ) parameter plane is given in Fig. C.8(a). We observe that
he scenario of Fig. C.8(b) persists until 𝑠𝑛1 and 𝑠𝑛2 collide at a cusp
ifurcation for 𝜏𝐶 ≈ 2.07708, 𝑃 ≈ 0.025. At the cusp point, 𝑠𝑛1 and
𝑛2 are connected via a transcritical bifurcation for varying 𝜏𝐶 (see

Fig. C.8(c)). Note that in this degenerated case, the population of the
onnecting branch 𝑥3 remains constant since 𝜌3 = 1. Moreover, note
hat 𝑒2 is stable for 𝜏𝑡𝑟2 < 𝜏𝐶 < 𝜏𝑐 𝑢𝑠𝑝 but its population is decreasing
ince 𝜌2 < 1 in this interval of 𝜏𝐶 . On the other hand, 𝑒2 is repelling
or 𝜏𝑐 𝑢𝑠𝑝 < 𝜏𝐶 < 𝜏𝑡𝑟1 but its population is growing since 𝜌2 > 1 in this
nterval of 𝜏𝐶 .

A further increase of 𝑃 results in a detaching of 𝑒2 and 𝑒3, as
depicted in Fig. C.8(d) with 𝑃 = 0.03. The branch 𝑒2 is repelling
separating cooperating and defection for 𝜏𝐶 < 𝜏𝑡𝑟1 , where 𝜏𝑡𝑟1 denotes
the value of the transcritical bifurcation 𝑡𝑟1 and 𝑒2 leaving the relevant
interval of 𝑥∗3 ∈ (0, 1). As indicated by 𝜌2 > 1, the population of 𝑒2
is growing. In contrast, 𝜌3 < 1 and the population associated with 𝑒3
is at risk of extinction. Note that 𝑒3, is attractive for 𝜏𝐶 > 𝜏𝑡𝑟2 , where
𝑡𝑎𝑢𝑡𝑟2 denotes the value of 𝜏𝐶 for the transcritical bifurcation 𝑡𝑟2 and
𝑒2 entering the relevant interval of 𝑥∗2 ∈ (0, 1). Or to sum things up, for
𝜏 > 𝜏 , 𝑒 remains as single attractor and its population is decreasing.
𝐶 𝑡𝑟2 2
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Code availability

Appropriate computer code describing the model and used to pro-
duce the figures is available on GitHub at https://github.com/tecoevo/
compartmentalised_timedelays.
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